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Abstract 

The structure of integrable field theories in the presence of jump defects is discussed in terms of 
boundary functions under the Lagrangian formalism. Explicit examples of bosonic and fermionic 
theories are considered. In particular, the boundary functions for the N = 1 and N = 2 super 
sinh-Gordon models are constructed and shown to generate the Backlund transformations for its 
soliton solutions. As a new and interesting example, a solution with an incoming boson and an 
outgoing fermion for the N = 1 case is presented. The resulting integrable models are shown to 
be invariant under supersymmetric transformation. 

PACS numbers: 
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I. INTRODUCTION 



The classical Lagrangian formulation of a class of relativistic integrable field theories 
admiting certain discontinuities (defects) has been studied recently . In particular, 

in ref. |l| the authors have considered a field theory in which different soliton solutions of 



the sine-Gordon model are linked in such a way that the integrability is preserved. The 
integrability of the total system imposes severe constraints specifying the possible types of 
defects. These are characterized by Backlund transformations which are known to connect 
two different soliton solutions. 

The presence of the defect indicates the breakdown of space isotropy and henceforth 
of momentum conservation. The key ingredient to classify integrable defects is to impose 
certain first order differential relations between the different solutions (Backlund transforma- 
tion). This introduces certain boundary functions (BF) which are specific of each integrable 
model and leads to the conservation of the total momentum. 

Here, we analize the structure of the possible boundary terms for various cases. We first 

n n 

consider, for pedagogical purposes, the pure bosonic case studied in refs. pj] - [3|] and derive, 
according to them, the border functions by imposing conservation of the total momentum. 
Next, we consider a pure fermionic theory and propose Backlund transformation in terms 
of an auxiliary fermionic non local field. Such structure is then generalized to include both 
bosonic and fermionic fields. In particular we construct boundary functions for the N = 1 
super symmetric sinh-Gordon model and show that it leads to the Backlund transformation 
proposed in 14 1 . 

n 

We extend the formalism to the N = 2 supersymmetric sinh-Gordon model M. This 

n n n n n 

system was originally proposed in [6j and [7[ (see also [8|). Later in [9| and [lOj a systematic 
algebraic aproach was developed. 

II. GENERAL FORMALISM - BOSONIC CASE 

In this section we introduce the Lagrangian approach proposed in Consider a system 
described by 

£ = 6(-x)£ p=1 + 9(x)C p=2 + 6(x)C D , (1) 
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where £ P (0 P , d p (p p ) = \(d x (p p ) 2 — \{d t (j) p ) 2 — V(4> p ) describes a set of fields denoted by 0i for 
x < and 2 for x > 0. A defect placed at x — 0, is described by 

^ = ^(02^01-01^02) + ^ (2) 

where Bq is the border function. The equations of motion are therefore given by 

<9 2 0i-<9 2 0i = d^Vfa), x<0 

<9 2 2 -<9 2 2 = d^M, x>o 



and x = 0, 



•9x01 - d t <p 2 = -d^Bo, 
d x <p2 - d t (fii = d^Bo, 



The momentum is 



Acting with time derivative and inserting eqns. of motion ([3]) we find 
at y_ 00 2 2 d)0i 



(3) 



(4) 



/0 poo 
<9 a .0i<9 t 0i + / dxfadtfa. (5) 
-co v/o 



/»oo i -r AT/ 

+ / (Mdtfo) 2 + -d x (d x (h) 2 - dzfcjT ~)dx (6) 
Using eqns. (jlj) after integration, we find 

dP r J_ 9B °A l ( dB 0\2 l { dB 0,2 T/.T/ll ^ 

df = h 907 0+ + 90T - + 2 ( 907 } " 2 ( % } - ri + K2]Uo (7) 

where 0± = 0i ± 02 and 0± = <9t0±. If the border function factorizes into Bo = Bq(4>+) + 
-£>o~(0_), the modified momentum V = P+ (Bq — Bq~) \ x=0 is conserved provided B satisfies 
its defining condition, i.e., 

^-\^f-V 1 + V^ (8) 

Let us illustrate the above structure by first considering the free massive bosonic theory 



for which V p = \m 2 (f) 2 



p — 2 ,,v 

l,dB 2 l f dB 2 m 2 2 2 m 2 

i-0 2 ) = ^r0+0- ( 9 ) 



2 KTl 2 



The solution is easely found to be 

* = do) 

and (3 2 denotes a free (spectral) parameter. 

As second example, consider the sinh-Gordon model for which V p = 4m 2 cosh(20 p ). The 
defining eqn. (jEJ) indicates the natural decomposition 

h^-k^ 2 = 4 - 2 ( cosh (20i) -cosh(20 2 )) 

= 8m 2 sinh(0 + ) sinh(0_) (11) 

yielding 

B = -m(3 2 cosh(0_) - — cosh(0+) (12) 

and hence we rederive from (|3J) the Backlund transformation for the sinh-Gordon model 

Am 

d x (pi - d t (p2 = m/^sinh (</>_) + — sinh(0 + ), 

P 2 

d x <f> 2 ~ d t (pi = m/3 2 sinh(0_) - — sinh(0 + ), (13) 

III. FERMIONS AND THE N = 1 SUPER SINH-GORDON MODEL 

Before discussing the Super sinh-Gordon Model let us consider the pure fermionic proto- 
type described by the Lagrangian density 

C p = ippdtipp - $ p d x $ p + ippd t ip p + ippd x ip p + W{ip p , $ p ) (14) 

where, for the free fermionic theory, W(ip p , ipp) = 2rmppipp. For the half line, x < or x > 
the equations of motion are given by 

d x i)p + dti) p = -^zdfyWp, d x i) p - d t ^p = ^dfoWp (15) 

according to p = 1 or 2 respectively. 

Let us propose the following Backlund transformation 

ipi + ^2 = -ifiy/mfi = d^Bt, 4>i-4>2 = ~ 2i ™ h = -d^Bx, (16) 
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where f± satisfies 



x(3 \/7Tl % — — 1 

h = — - fa) + 23^(^1 + ^2) = ~^d fl Bi, 



d x h = ^^(V'i - to) + ^V^l + (17) 

written in terms of a border function Bx = Bi(ip 1 , ip 2 , 4>2, which now, due to the 
Grassmanian character of the fermions, depends upon the non local fermionic field fx. By 
considering the Lagrangian system (CQ) with C p given by ( Tl4l) and 

C D = -V1V2 - Mi + 2f x d t h + B^fa, Vx, V2, /1) (18) 
construct the momentum to be 

/0 /-co 
{-^id x ^i - %l)id x ipi)dx + / (--02^2 - tjiA^dx (19) 
00 Jo 

In analising its conservation, we find 
<iP - 

— = [-Wi + W 2 - ^1^1 + 02^02 - ^1^1 + ^2^2] U=o (20) 

after using equations of motion (fl5l) to eliminate time derivatives and integrating over x. 
Using the Backlund transformation ( fl6|) and ( TTTT) . eqn. (1201) becomes 

- d^Bx V2+ ^ 2 #i02 + - «9 t (^ 2 ^i)]U=o (21) 

If we assume the border function to decompose as B\ = Bf(ijj + ,fx) + B±(ifj_, fx), where 
V>± — ^1 i ^± = ^1 ± ^2) the modified momentum 

P = P + [^1 - ^1 + Bf - B^] x=0 (22) 

is conserved provided 

[W 2 -Wx- d h B-fx + d fl B+fx]\ x=0 = (23) 
For the free fermi fields system fTT4|) - fp~5|) eqn. (1231) becomes 

\{d h Bt){d h B^) = 2miMx - foh) (24) 
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The solution is 



2% - ,— 

B x = - — y/mf 1 ip + + ipy/mM- 



Let us now consider the super sinh-Gordon model described by 
r 



and 



+ ip P dxi)p + V((f)p) + W((f)p, ip p , ip p 



+ B ((j)l, 2 ) + -Si (01, 02, ^1, V>2, Vl> ^2, /l) 



where Vp = 4m 2 cosh(20 p ) and W p = %m^)p^) v coshf c^,) . 
Propose the following Backlund transformation 111 ]. 



d x 4>i - d t 4> 2 = -8^ (B + Bx), d x (p 2 - <9t0i = (B + Bx) 
ipx + i\) 2 = d^Bx, fa - -02 = -dfaB u A = --d fl Bx 



Assuming the decomposition 



Bo = B+(<f> + ) + J B o -(0_), Bx = B+(<f> + ,$ + ,fx) +Bx(<f>-,^Jx) 



we find that the modified momentum 



V = P + [£+(0+) - £f o -(0_) + B+(0 + , A) - i?r(0_, /1) - ^2 + ^iV> 2 ] 3 



is conserved provided the border functions B and B\ satisfy 

Wx-W 2 = \{d h Bt){d h B^) + 2(d <p+ B+)(d,_B 1 -) + 2(d^)(d^B+) 

1 2 2 l <90/ 2 l <90 2 ; 



The solution for f[5TT) is found to be 



4m 



B = -m(3 cosh(0_) - — cosh(0 + ), 

P 2 

Bi = -^ v / mcosh(^ : )/i^ + + 2i/? v / mcosh(^)/i^_ 



The boundary functions Bq and B\ in (132|) generate the Backlund transformation which 
agrees with the one proposed in [4| for the N — 1 super sinh-Gordon model. The equations 
of motion obtained from (I26p and (I27p are verified to be invariant under the supersymmetry 
transformation 

5ipp = ed z (p p , 5(j)p = eip p , 5ip p = 2em sinh (fi p (33) 
where d z = l[2(d x + d t ). 



In ref. 12] the general soliton solutions for the N — 1 super sinh-Gordon model were 



constructed using vertex functions techniques and in different solutions were analysed 



ll|, a 



in the context of the Backlund transformation. Besides those examples discussed in 
new and interesting case containing an incoming boson and an outcoming fermion is given 
when (pi ^ 0, ipi = 4>i = and (fi 2 = 0, xjj 2 , V>2 7^ 0. Under such conditions the Backlund 
transformation (1281) reads, 



d x 4>i = — 2(cr H — )sinh0i, d t (pi = — 2{a )sinh0i, 

ip 2 = 2W-cosh ( -i ] / 1; V; 2 = 2v/2acosh ( -± ) ft, 



= 2(<r - -) cosh 2 1^1 fx, d x fi = 2(a + -) cosh 2 [j)fi ( 3 I ) 

where we took m = 1 and a = — As solution of eqns. fl34"|) we find 




^ = in(f^|, A = ep-H/l-|p 2 (35) 



2 



where p = exp (— 2cr(a; + 1) — ~(x — t)), e is a grassmaniann constant and tp 2 and ?/>2 are 
obtained from the second eqn. ( IMl) after inserting the above <f>\ and /i. 

The integrability of the model is verified by construction of the Lax pair representation of 
the equations of motion. This is achieved by splitting the space into two overlapping regions, 
namely, x < b and x > a with a < b and defining a corresponding Lax pair within each 
of them. The integrability is ensured by the existence of a gauge transformation relating 
the two sets of Lax pairs within the overlapping region. In ref. [llj] we have explicitly 
constructed such gauge transformation for the N — 1 super sinh-Gordon model in terms of 
the SL(2, 1) affine Lie algebra. 
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IV. N = 2 SUPER SINH-GORDON MODEL 

The Lagrangian density for the N = 2 Super sinh-Gordon Model is given by ( see for 
instance [8j) 

1 1 

£ p = ^(d x (pp) 2 - -(d t (fip) 2 + 2ip p d t ip p + 2ip p d x i)p + 2ip p d t ip p - 2ip p d x ip p 
1 1 

- ^(dx^v) 2 + ~~ 2 X P dtX P - ZXpdxXp ~ ^X P 9tX P + %X P dxX P 

— 16(^y0 p + XpXp) cosn fp cosn 4> P — 4 cosh(2y9 p ) 

+ l6(ip P x P + X P 4>p) sinh Pp sin h <fip + 4 cosh(20 p ) (36) 
whose equations of motion are invariant under the supersymmetry transformations 

$(<fip±¥ P ) = 20 P =FXp)e±, S(i/j p ±x P ) = -9*(0 P T Vp) e ± ( 37 ) 

and 

5 ± x P ) = 2 sinh(0 p ± y? p )e T (38) 

Inspired from the N — 1 case (see eqn. (j27p ) we propose the following Lagrangian 
description for the defect 

£d = ^(02^01 - <f>id t (fo) - 2^2 - 2^i^ 2 + fidth 

- ^(<f2d t <fi - y?i<9 t y? 2 ) + 2^1X2 + 2^1X2 + fMi 

+ B Q (<j) p ,ip p ) +B 1 (<p p , ipp,i[) p , Xp,^piXp, /j.,/2) (39) 
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leading to the Backlund transformation 



d x (f)i - d t </)2 = 


—dfaB, 




d x (f>2 - d t 4>i = 


d<p 2 B, 




d x (fi - d t ip 2 = 


d vl B, 




d x (f2 - d t (pi = 






i>\-i>2 = 


1 


1 


X1-X2 = 


1 

A B = 

2 Xl 


1 

- 2 s»b 


i>i + i>2 = 


1 


1 


X1 + X2 = 






A = 


-\s„b, 




k = 







where B — B + Bi. The canonical momentum 

P = I (d x <j>idt<pi - 2tp 1 d x ip 1 - 2ip 1 d x ip 1 

J —CO 

- d x <p!dt(pi + 2xid x xi + 2xid x xi) dx 

POO 

+ / (d x (p2d t (p2 - 2^ 2 d x ^ 2 - 2%l) 2 d x ^2 
Jo 

- d x (p 2 d t (p2 + 2x 2 d x X2 + 2x2^X2) dx 
is no longer conserved. Proposing the modified momentum to be 

V = P + [B { +) - B { - ] + B[ +) - b[~ ] + 2^2 - 2^ 2 - 2xiX2 + 2x1X2} 
which is conserved provided the border function satisfies 

d^B^d^^B^ — d ip+ B^d v _B^ = 4 sinh + sinh 0_ — 4 sinh ip + sinh ip_ 



and 

d^B^d^B^ + d^B^d^B^ - d^B^d^B^ - d^B^d^B^ 
+ d^B^d^B^ ~ d^B^d^B^ ~ \{d h B^d h B^ + dfM'^fM^) 
= -2(^+^+ + i>-i>- + X+X+ + X-X-) A - - 2(V>+V>- + ip-$+ + x+X- + X-X+)A+ 
+ 2(^+x+ + i>-x- + x+4>+ + x--0-)A_ + 2(ip + x- + i)~x+ + x+4>- + 

(43) 



where 



and 



X± = Xi±X2, x± = Xi±X2, <p± = if! ± ip 2 , ■ ■ ■ etc 



A± = cosh( ) cosh( ) ± cosh( ) cosh( 



A± = smh( ) smh( J ± smn( J smn( 



The solution of (SI and (SHD is 



and 



4 +) = y+) = — (cosh0 + - cosh^ + ) , (44) 

= B { ~ ] U,(p} = — (cosh 0_ - cosh tpj) , (45) 
a 3 



B[ +) = B[ + \<p + , V+ ^ + , X+ ,fuf2) 
i ( 1 

= -j=h y-^3(ip+ - x+) cosh -(</>+ + if. 

+ -^=/ a ^(^ + + x+) cosh i(0 + -¥>+)), (46) 



£?;- } = b{ ) (0_,^_,^_,x-,/i,/ 2 ) 

if- 1 
= ^=/i ( a 2 (^- + X-) cosh -(0_ - 

+ -^/ a ^_A(^__ x _) OOBh I(0_ + y ,_)) (47) 



where a 2 and a 3 are arbitrary constants. 
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These results are consistent with the Backlund transformation for the N = 2 super sinh- 

1 

Gordon obtained from a superfield formalism [5j. We should mention that the Backlund 
transformation (1401) with B and B\ given by (1441) - (1471) are invariant under the supersym- 
metry transformation fl571) - fl55|) . In [5| some examples of Backlund solutions are discussed 
also. 
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